MATH 126
TAYLOR POLYNOMIALS (Sec.12.12)

1. Taylor polynomials of degreen around a for f(x).

To(e)=f(a)+ L@ - o) + L2 (@ - a? +..4 LW (g — o,
f(w) = Tn(x)

and the error
()| =] f(z) — Bu(2)|< iyl — ! where

[t () <M
Ex 1. Approximate f(z) = /= by aTaylor polynomia of degree2 at a=38.
Givean esimaeof /8.5
Give an upper bound for the error of the above approximation
Ex 2. Approximate f(z) = cos(z) by aTaylor polynomid of degree2at a = .
Give an estimate of cos(32°)
Give an upper bound for the error of the above approximation

2. Taylor polynomialsof degreem around 0 for f(x) (MacLaurin polynomials)
To(2)=F(0)+ L@ —0)+ L@ —0)2 + ...+ L@ )7 or

To(2)=£(0)+ L0g + L2 1 4 1O
and the error

[Bn(2)|=| f(z) = Bu(2)|< H5rlel™"! where

It ()| <M

Ex 3. (&) Find the MacLaurin polynomid of degree5for f(x)=e".
Ans. Ts(z)=1+ 5 +% +3—"‘? —i—% —i—@f—?
(b) Give an estimate of e -2
2 3 4 5
Ans. ¢ 02 —1_ 0 2 4 (0. 2) _ (0;) i (Of!) _ (05?)
(¢) Give an upper bound for the error of this gpproximation




(0.2)0

Ans.
6!
(d) Give an estimate such that the error islessthan 0.001.
3 4
Ans. e 02~ 102 4 (0 2) (05,,2!) bic error < (Oﬁ) <0.001

Ex 4. (@) Findthe MacLaurin polynomia of degree 5for f(z)=9n(x)
Ans. Ts(z)= 1 —3—1? + f—,

(b) Givean esimate of sn(0.

)-
Ans. sin(0.2) = %2 — 0

)

(c) Give an upper bound for the error of this approximation

0.2)7
Ans. %

3. What isthe Taylor polynomail of degree 1?

Ans. Itisthetangent line or the linearization of the function f(x) a a

TAYLOR SERIES (Sec. 12.10)
4. Taylor seriesand MacL aurin series.

Imagine that the degree of the Taylor (MacLaurin) polynomid isinfinite, the polynomid has
infinitdly many terms it becomes a series, cdled the Taylor (MacL aurin) series for the
function f(z) @ a, and

L0 a0+ L0 — a0 +

(x —a)" (Taylor series)

f// (a) (x . CL)3 4.

or f(w)=f(0)+ L + L2 o Lf05

o0
= > =Tz (MacLaurin series)

Ex 5. TheMadarin seriesof f(z

f B b

)=¢€"lis
ex:1+1—‘76!+g+3—+£_!+§_!+---:

108
< |

Ex 6. TheMacLaurin seriesof f(xz)=9n(x)is



. 7 X 2p+1
sn(z)=F —& +& -G+ = L(-1)PE
p=0

Ex 7. TheMacLaurin seriesof f(z)= cos(x) is

. 2 4 6 o0 2p
Sne)=1-5 +q —g + = (=15
p=0

5. Finding and Using Taylor series.

(8 Use the formulas above to find the MacL aurin series of the following functions:

f@)=e™";  g(x)=sin(z2); h(z)=cos(a?)
Ans 3 (DS S CDPESy R (CDTES
b= n=

n=0

(b) Find the MacLaurin polynomias of degree 6 of the functionsin part (a)
Ans. Seepart () below
(c) Express the following ainderi veti VES S power Series.

fe_xz dx [ sin(z?)dx [ cos(x?)dx

z2n+1 > ZAp+3

Ans 2. (=1 aGnin +C5 2 (- D gprniaprsy T

Z( LY it +

(d) Expre&thevduesof theintegrasasseries
f00'5e_$2 dx fo 5sin( 2)dx f(?"r)cos( 2)dyc
n( )2n+1 o) ( )4 p+3 ( )4p+1
Ans. 32 (D a2 (D G Z( V? @D

(e) Writethe Taylor polynomlals of degree 6, Ti (), for
fw)=e=5  gla)=sin(s?); h(z)=cos(a?)
Ans. For f(z)=e ', Ty(z)=1-22+4 — &
For g(z)=sin(z?), Tg(z)=x> — %7
For h(z)=cos(z?), Tg(z)=1—%
(f) Use above T (x) to gpproximate;

f00.5€_x2 dx f00'5sin(ac2)d93 f£'5cos(x2)dx
1_ 1 1 1
Ans. 3 3(23)1! + 5(2%)2!  7(2M)3!

1 1
3(23) 7(27)3!
1 1

2 5(29)2!
(9) Givean upper bound for the error in each approximation above




(Note: These are alternating series).
1 . 1 ) 1

Ans. 9(29)4! »o 1125 0 9(29)4!

(h) Give an estimate of each definite integra such the error is lessthan 0.001.

1 1 1 1 1
Ans. (1) 5 32511 + 5(27)2! bic m = 5375 < 0.001
1 1 1
1 1 1 1

6. SomemoreMacLaurin series. (SEC. 12.9)

o0

S = 14+t 4 = 1&—% (for |x|<1)
n=0

S n g2n+1 N 1

ZO(—l) ST ¢ — 5+ 5 - % 4. =tan"(z) (for [z]<1)
n=

X . 2 3 A

() =5+ 5 -4+ =in(l+z)  (for [z|<1)



